A weighted difference of the g-factors of the Li-and H-like ion of the same element is studied and optimized in order to maximize the cancellation of nuclear effects. To this end, a detailed theoretical investigation is performed for the finite nuclear size correction to the one-electron g-factor, the one-and two-photon exchange effects, and the QED effects. The coefficients of the Zα expansion of these corrections are determined, which allows us to set up the optimal definition of the weighted difference. It is demonstrated that, for moderately light elements, such weighted difference is nearly free from uncertainties associated with nuclear effects and can be utilized to extract the fine-structure constant from bound-electron g-factor experiments with an accuracy competitive with or better than its current literature value.
I. INTRODUCTION
Modern measurements of the bound-electron g-factor in H-like ions have reached the level of fractional accuracy of 3 × 10 −11 [1] . Experiments have also been performed with Li-like ions [2] . In future it shall be possible to conduct similar experiments not only with a single ion in the trap, but also with several ions simultaneously. Such a setup would allow one to directly access differences of the g-factors of different ions, thus largely reducing systematic uncertainties and possibly gaining about two orders of magnitude in experimental accuracy [3] . So, experimental investigations of differences of the bound-electron g factors on a sub-10 −12 level look feasible in the future. Such measurements would become sensitive to the uncertainty of the fine-structure constant α, which is presently known up to the fractional accuracy of 3 × 10 −10 [4] . It might be tempting to use such future experiments as a tool for an independent determination of α.
In order to accomplish a competitive determination of α from the bound-electron g-factor experiments, one has to complete theoretical calculations to a matching accuracy, which is a challenging task. One of the important problems on the way is the uncertainty due to nuclear effects, which cannot be well understood at present. These uncertainties set a limitation on the ultimate accuracy of the theoretical description and, therefore, on the determination of α.
There is a way to reduce the nuclear effects and the associated uncertainties, by forming differences of different charge states of the same element. In Ref. [5] , it was suggested to use a weighted difference of the g-factors of the H-and Li-like ions of the same element in order to suppress the nuclear size effects by about two orders of magnitude for high-Z ions. In Ref. [6] , a weighted difference of the g-factors of B-like and H-like charge states of the same element was proposed. It was shown that the theoretical uncertainty of the nuclear size effect for ions around Pb can be reduced to 4 × 10 −10 , which was several times smaller than the uncertainty due to the finestructure constant at the time of publication of Ref. [6] . Since then, however, the uncertainty of α was decreased by an order of magnitude [7] [8] [9] , thus making it more difficult to access it in the bound-electron g-factor experiments. In our recent Letter [10] we proposed a weighted difference of the g-factors of low-Z Li-like and H-like ions, for which a more significant cancellation of nuclear effects can be achieved. In the present paper we describe details of the underlying calculations and report extended numerical results for the finite nuclear size corrections.
In our approach, the weight Ξ of the specific difference of the g-factors is determined on the basis of studying the Zα and 1/Z expansions of various finite nuclear size (fns) corrections, in such a way that the cancellation of these undesirable contributions is maximized. We introduce the following Ξ-weighted difference of the bound-electron g-factors of the Li-like and H-like charge states of the same element,
where g(2s) is the g-factor of the Li-like ion, g(1s) is the gfactor of the H-like ion, and the parameter Ξ is defined as Ξ = 2 −2γ−1 1 + 3 16 (Zα) 2 1 − 2851 1000
with the notation γ = 1 − (Zα) 2 . The justification of this choice of Ξ will be given later, after studying the contributions of individual physical terms to the fns effect.
This article is organized as follows. In Section II we describe our calculations of various fns contributions, namely, the leading one-electron fns effect, the fns correction from the one-electron QED effects, and the two-and three-electron fns corrections due to the exchange of one or more photons between the electrons. The resulting weighted difference of the g-factors and its utility in determining the fine-structure constant are discussed in Section III, which is followed by a short conclusion.
II. FINITE NUCLEAR SIZE CORRECTIONS

A. One-electron finite nuclear size
The leading one-electron fns correction to the boundelectron g-factor is defined as follows:
where g
ext and g
pnt are the leading-order bound-electron g factor values calculated assuming the extended and the pointlike nuclear models, respectively. The leading-order boundelectron g factor is obtained for ns states as
where g a and f a are the upper and the lower radial components of the ns Dirac wave function, respectively [11] . The fns correction δg
N has an approximate relation to the corresponding correction to the Dirac energy, which reads [12] for ns states as
where δE N is the nuclear-size correction to the Dirac energy. Eq. (5) is exact in the nonrelativistic limit and also holds with a reasonable accuracy in the whole region of nuclear charge numbers Z. Using Eq. (5) and the result of Ref. [13] for δE N , the leading one-electron fns effect for ns states can be parameterized as
where R sph = 5/3 R is the radius of the nuclear sphere with the root-mean-square (rms) charge radius R and H (0,2+) n is the remainder due to relativistic effects. The superscript (0, 2+) indicates that its contribution is of zeroth order in 1/Z and of second and higher orders in Zα. The nonrelativistic limit of Eq. (6) agrees with the well-known result of Refs. [14, 15] . The leading relativistic correction H (0,2) n has been given in a closed analytical form in Ref. [15] . We deduce from it that the difference of the relativistic corrections of relative order (Zα) 2 for 2s and 1s states does not depend on the nuclear charge radius nor on the nuclear charge distribution model, and is just a constant:
In the present work we calculate the nuclear-size correction δg (0) N numerically. For the extended nucleus, the radial Dirac equation is solved with the Dual Kinetic Balance (DKB) method [16] , which allows us to determine g
ext with a very high accuracy. The nuclear-size correction is obtained by subtracting the analytical point-nucleus result. In order to avoid loss of numerical accuracy in the low-Z region, we used the DKB method implemented in the quadruple (about 32 digits) arithmetics.
In our calculations, we used three models of the nuclear charge distribution. The two-parameter Fermi model is given by
where r 0 and a are the parameters of the Fermi distribution, and N is the normalization factor. The parameter a was fixed by the standard choice of a = 2.3/(4 ln 3) ≈ 0.52 fm. The homogeneously charged sphere distribution of the nuclear charge is given by
where θ is the Heaviside step function. The Gauss distribution of the nuclear charge reads
The results of our calculations for the 2s and 1s states are presented in Table I , expressed in terms of the function H . Experimental values of the rms nuclear charge radii R are taken from Ref. [17] . For ions with Z ≥ 10, we perform calculations with the Fermi and the homogeneously charged sphere models. The difference of the values obtained with these two models is taken as an estimation of the model dependence of the results. For ions with Z < 10, the Fermi model is no longer adequate and we use the Gauss model instead.
We observe that the model dependence of the relativistic fns correction H (0,2+) n is generally not negligible; it varies from 1% in the medium-Z region to 5% in the low-Z region. However, the model dependence of the difference
is tiny. According to Eq. (7), it is suppressed by a small factor of (Zα) 2 . Our calculations show that in addition it is suppressed by a small numerical coefficient.
We conclude that both the model dependence and the R uncertainty of the one-electron fns correction can be cancelled up to a very high accuracy by forming a suitably chosen difference. The following weighted difference of the 2s and 1s one-electron g-factors cancels the one-electron fns contributions of relative orders (Zα) 0 and (Zα) 2 ,
with the weight
The one-electron fns effects in the difference δ Ξ0 g arise only in the relative order (Zα) 4 , with a numerically small coefficient. defined by Eq. (6), for the 2s state (n = 2) and the 1s state (n = 1), for different models of the nuclear charge distribution. The rms charge radii R and their errors are taken from the compilation of Ref. [17] . 
B. One-electron QED fns correction
The one-electron QED fns correction δg
NQED to the boundelectron g factor can be conveniently parameterized by means of the dimensionless function G (0) NQED [18] ,
where δg
N is the leading-order fns correction discussed in Sec. II A, and
NQED is a slowly varying function. The correction can be divided into four parts,
where G NSE is the contribution of the electron self-energy, G NUe,el is induced by the insertion of the Uehling potential into the electron line, G NWK,el is the analogous correction by the Wichmann-Kroll potential, and G NVP,ml is the so-called magnetic-loop vacuum-polarization correction.
The QED fns correction was studied in detail in our previous investigation [18] , where we reported numerical results for the 1s state of H-like ions. In the present work, we extend our calculations to the 2s state, which is required for describing the Li-like ions. The numerical results obtained for the 2s state are listed in Table II . The results for the 1s state are taken from Ref. [18] . We observe that the QED fns corrections for the 1s and 2s states, expressed in terms of the function G (0) NQED , are very close to each other. Therefore, they largely cancel in the weighted difference δ Ξ0 g introduced in Eq. (11).
C. One-photon exchange fns correction
The one-photon exchange fns correction is the dominant two-electron contribution to the total fns effect. It is suppressed by the factor of 1/Z with respect to the leading oneelectron fns contribution δg N . The one-photon exchange fns correction can be obtained as a difference of the one-photon exchange contributions to the g-factor evaluated with the extended nuclear charge distribution and with the point nucleus,
TABLE II: One-electron QED fns corrections to the bound-electron g factor, expressed in terms of G
NQED defined by Eq. (13). The abbreviations are as follows: "NSE" denotes the self-energy contribution, "NUe,el" denotes the Uehling electric-loop vacuum-polarization correction, "NWK,el" stands for the Wichmann-Kroll electric-loop vacuum-polarization correction, and "NVP,ml" denotes the magnetic-loop vacuumpolarization contribution. The one-photon exchange correction to the g-factor of the ground and valence-excited states of Li-like ions is given by [5] 
where v and c denote the valence and the core electron states, respectively, µ c is the momentum projection of the core electron, P is the permutation operator, (P vP c) = (vc) or (cv), (−1) P is the sign of the permutation, ∆ ab = ε a − ε b , I(ω) is the relativistic operator of the electron-electron interaction defined below, and V a stands for the first-order perturbation of the wave function a by the potential
and V g is the effective g-factor potential (see, e.g., Eq. (14) of Ref. [19] ),
where α is the vector of Dirac matrices in the standard representation. The above form of the potential V g (r) assumes that the momentum projection of the valence state v in Eq. (16) is fixed as µ v = 1/2. The relativistic electron-electron interaction operator I(ω)
in the Feynman gauge reads
where r 12 = |r 1 − r 2 | is the distance between the two electrons and ω is the frequency of the photon exchanged between them. The calculation of the one-photon exchange contribution with the extended and the point nuclear models was reported in Ref. [5] . In the present work, we redo these calculations with an enhanced precision, which is necessary for an accurate identification of the fns effect. The one-photon exchange fns correction δg (1) N can be parameterized as
N is the one-electron nuclear-size correction introduced earlier, and H
(1) is a slowly varying function. The Zα expansion of H (1) reads
where H (1,0) is the leading nonrelativistic contribution and H (1,2+) is the higher-order remainder. The nuclear-size correction is evaluated in this work as the difference of Eq. (16) calculated with the extended vs. pointlike nuclear models. The numerical evaluation of Eq. (16) with the extended nucleus is performed by using the DKB method [16] . For the point nucleus, we use the analytical expressions for the reference-state wave functions and for the diagonal (in κ) g-factor perturbed wave function [20] , and the standard implementation of the B-splines method [21] for the non-diagonal in κ part of the perturbed wave function. In order to avoid loss of numerical accuracy in the low-Z region, we employ the DKB and the B-splines methods implemented in the quadruple arithmetics. The accuracy of the obtained numerical results is checked as follows. We observe that the leading term of the Zα expansion of Eq. (21), H
(1,0) , should not depend on the nuclear charge radius R. It also cannot depend on the speed of light c. All dependence of H (1,0+) on R and c comes only through the relativistic effects, which are small corrections in the low-Z region. Therefore, numerical calculations of H (1,0+) performed with different choices of R and c should have the same low-Z limit.
The numerical results for the nuclear-size correction to the one-photon exchange are presented in Table III and shown graphically on Fig. 1 . We observe that the results obtained with different values of R and c are in very good agreement for low Z. This agreement also indicates that the results for H (1) are practically independent of the nuclear model. The results obtained with enlarged speed of light show very weak Z dependence, which might have been anticipated since the Z dependence of H (1) comes through the relativistic corrections only. These results can be easily extrapolated to Z → 0, yielding
On the basis of this result, we conclude that the following weighted difference of the 2s and 1s g-factors cancels most of the fns contribution of order 1/Z for light ions, 
D. Two and more photon exchange fns correction
The fns correction with two and more photon exchanges between the electrons is suppressed by the factor of 1/Z 2 with respect to the leading fns contributions. A parametrization of this term can be given as
N is the one-electron nuclear-size correction defined in Eq. (3), and H (2+) is a slowly varying function of its arguments.
In order to compute the fns correction, we need to calculate the two and more photon exchange correction for the extended and the point nucleus and take the difference,
In this work, we calculate δg
ext and δg
pnt within the Breit approximation. The whole calculation is performed in three steps. In the first step, we solve the no-pair Dirac-CoulombBreit Hamiltonian by the Configuration-Interaction DiracFock-Sturm (CI-DFS) method [22] . In the second step, we subtract the leading-order terms of orders 1/Z 0 and 1/Z 1 , thus identifying the contribution of order 1/Z 2 and higher. The subtraction terms of order 1/Z 0 and 1/Z 1 were calculated separately by perturbation theory. In the third step, we repeat the calculation for the extended and the point nuclear models and, by taking the difference, obtain the fns correction.
The fns effect is very small in the low-Z region, which makes it very difficult to obtain reliable predictions for this correction. In order to be able to monitor the numerical accuracy, we performed three sets of calculations. The first set (R, c) was obtained with the actual values of the nuclear charge radii R and the speed of light c; the second set (4R, c) was obtained with the nuclear charge radii multiplied by a factor of 4; the third set (40R, 10c) was obtained with the nuclear charge radii multiplied by a factor of 40 and the speed of light multiplied by 10. The obtained results are listed in Table IV and presented in Fig. 2 . Similarly to the one-photon exchange fns correction, we assume that the low-Z limit of H (2+) , denoted as H (2,0) , does not depend either on R or on c. By extrapolating our numerical results in Table IV to Z → 0, we obtain the nonrelativistic value of the 1/Z 2 correction as
Based on this result, we conclude that for light ions, the following weighted difference of the 2s and 1s g-factors cancels most of the 1/Z 2 fns contribution:
III. THE WEIGHTED DIFFERENCE OF THE 2s AND 1s g FACTORS
Combining the results obtained in the previous section, we introduce the total Ξ-weighted difference as follows
where g(2s) is the g factor of the ground state of the Li-like ion, g(1s) is the g factor of the ground state of the H-like ion, and the weight parameter Ξ is defined by Eq. (2). Basing on the analysis of the preceding Section, we claim that in the Ξ-weighted difference δ Ξ g, the nonrelativistic fns corrections to order 1/Z 0 , 1/Z 1 , and 1/Z 2 and, in addition, the relativistic contribution to order (Zα) 2 /Z 0 are cancelled. A small remaining fns correction to δ Ξ g is calculated numerically. The definition of δ Ξ g is based on the Zα expansion of the fns corrections. Because of this, it is applicable for lowand medium-Z ions. For heavy systems, the Zα expansion is no longer useful. In this case, the cancellation of the fns effect in the weighted difference is still possible but should be achieved differently [5, 6] .
In Table V we present the individual fns contributions to the g-factor of the ground state of Li-like ions g(2s), H-like ions g(1s) and for the weighted difference δ Ξ g. We observe that the uncertainty of the fns corrections for g(2s) and g (1s) is dominated by the nuclear-model and nuclear-radii errors, which means they cannot be significantly improved. On the contrary, the fns effect for δ Ξ g is much smaller, and its uncertainty is mainly numerical, meaning that it can be improved further. . The numbers in the parentheses denote the uncertainty in the last figure. When three uncertainties are specified, the first one is the numerical error, the second one the model-dependence error, and the third one the uncertainty induced by the error of the nuclear charge radius. In the case only one uncertainty is specified, it is the numerical error (whereas the other errors are significantly smaller and are not indicated). We would like now to address the question whether the weighted difference δ Ξ g might be useful for the determination of the fine-structure constant α. The leading dependence of δ Ξ g on α is given by the expansion
where the second term in the right-hand-side stems from the binding corrections, whereas the third term is due to the oneloop free-electron QED effect. In the above equation, we keep Ξ fixed, ignoring its dependence on α, since it does not contribute to the sensitivity of δ Ξ g on α (the same value of Ξ should be used when comparing the experimental and theoretical values of δ Ξ g). By varying α in Eq. (29) within its current error bars of δα/α = 3.2 × 10 −10 [4] , the corresponding error of δ Ξ g can be obtained.
In Fig. 3 we compare the uncertainty due to α and the uncertainty due to the nuclear model and radius, keeping in mind that the latter defines the ultimate limit of the accuracy of theoretical calculations. The left panel of Fig. 3 shows this comparison for the g-factor of the ground state of Li-like ions g(2s), whereas the middle panel gives the same comparison for the Ξ-weighted difference δ Ξ g. The dip of the α-sensitivity curve around Z = 16 is caused by the fact that the dependence of the binding and the free-QED effects on α in Eq. (29) (second and third terms) have different signs, and thus cancel each other in this Z region. From Fig. 3 we can conclude that up to Z ≈ 45, the weighted difference δ Ξ g yields possibilities for an improved determination of α.
The determination of α from δ Ξ g has two drawbacks. The first one is the cancellation of α dependence of δ Ξ g around Z = 16, leading to a loss of sensitivity to α in this Z region. The second one is that δ Ξ g contains the same free-QED part which is used for the determination of α from the freeelectron g factor, which means that these two determinations cannot be regarded as fully independent. Both drawbacks can be avoided by introducing another difference, In the difference δ Ω g, most free-QED contributions vanish. So, by a small sacrifice of the sensitivity of the binding effects to α, we removed the dip around Z = 16 and made the theory of the weighted difference (almost) independent on the theory of the free-electron g-factor.
The right panel of Fig 3 presents the comparison of the uncertainty due to α with the error of the fns effect for the weighted difference δ Ω g. One finds a smooth dependence of the sensitivity to α on Z, without any dip in the region around Z = 16. We observe that in the region Z = 10 − 20, the weighted difference δ Ω g offers better possibilities for determining α than δ Ξ g.
Employing the difference δ Ω g can be also advantageous from the experimental point of view. It can be rewritten as
with Z 2 = [Z/2]. We thus observe that δ Ω g can be effectively determined in an experiment by measuring two equal-weight g-factor differences (namely, the ones in the first and second rows of the above equation) and g(1s, Z 2 ). The equal-weight differences may be measured with largely suppressed systematic errors and thus can be determined in near-future experiments much more accurately than the g-factors of individual ions. The last term in Eq. (31) is suppressed by a small factor of [Ξ(Z) − Ξ(Z 2 )] ≈ 0.02 − 0.04 in the region of interest. Therefore, the experimental error of δ Ω g can be significantly improved as compared to that of the absolute g-factors.
Let us now turn to the experimental consequences of the present calculations. So far, the only element for which the weighted difference δ Ξ g has been measured is silicon. In Table VI we collect the individual theoretical contributions to δ Ξ g( 29 Si). Theoretical results for various effects were taken from the literature, Refs. [9, [23] [24] [25] [26] [27] [28] . The total theoretical value is compared to the experimental result [2, 29, 30] . The errors of the Dirac value and of the one-loop free QED (∼ α(Zα) 0 ) result specified in the table are due to the uncertainty of the current value of α −1 = 137.035 999 074 (44) [4] . The uncertainty of the fns effect specified in the table is 6 × 10 −13 , which is already smaller than the uncertainty of the Dirac value due to α. The fns uncertainty is of purely numerical origin, i.e. it does not influenced by the errors due to the rms charge radius and the nuclear charge distribution, and thus it can be further improved in future calculations. Table VI illustrates another advantage of the Ξ-weighted difference: the contributions of one-electron binding QED effects to δ Ξ g are much smaller than those to g(2s). This is explained by the fact that these effects largely originate from short distances, similarly to the fns effect, and thus are significantly canceled in the difference. In particular, the uncertainty of δ Ξ g(Si) due to three-loop binding QED effects is on the 10 −12 level, implying that these effects do not need to be known to a high degree of accuracy for the determination of α. Table VI shows that the present experimental and theoretical precision of δ Ξ g(Si) is on the level of few parts in 10 −9 , which is significantly worse than the precision achieved for other systems (in particular, H-like carbon, where the present experimental and theoretical uncertainties are, correspondingly, 6 × 10 −11 and 6 × 10 −12 [1] ). This underperformance is, however, more due to a lack of motivation than due to principal obstacles.
On the experimental side, the same precision as for Hlike carbon can be also obtained for δ Ξ g(C), with an existing ion trap [3] . Further experimental advance is anticipated that could bring one or two orders of magnitude of improvement [3] . On the theoretical side, the modern nonrelativistic quantum electrodynamics (NRQED) approach (see, e.g., [31] ) can apparently provide a theoretical result for Li-like carbon with the same accuracy as obtained for its H-like counterpart [32] . Moreover, further theoretical advance is possible: the twoloop QED corrections of order α 2 (Zα) 5 and the three-loop QED corrections of order α 3 (Zα) 4 can be calculated, both for H-like and Li-like ions [32] .
As we are presently interested in light ions, the best way for the advancement of theory would be a combination of two complementary methods. The first one is the NRQED method (used, e.g., in [33] ) that accounts for the nonrelativistic electron-electron interactions to all orders in 1/Z, but ex-pands the QED and relativistic effects in powers of α and Zα. The second approach (used, e.g., in [24, [26] [27] [28] ) accounts for the relativistic effects to all orders in Zα but employs perturbation expansions in α (QED effects) and in 1/Z (electronelectron interaction). Matching the coefficients of the Zα and 1/Z expansions from the two methods allows one to combine them together, as it was done for energy levels in Ref. [34] . As a result of this procedure, only higher-order corrections in Zα will be expanded in 1/Z and only higher-order corrections in 1/Z will be expanded in Zα. This approach should allow one to advance theory to the level required for a determination of α.
The principal limitation for the theory is set by the nontrivial nuclear structural effects, such as the nuclear deformation, nuclear polarization, etc. For light ions, the leading nuclear effects are described by effective operators proportional to the Dirac delta function δ(r). Such effects are canceled in the weighted difference δ Ξ g. We estimate that the uncertainty due to the remaining nuclear effects in δ Ξ g should be of the same order as the nuclear-model dependence error of the fns effect. From the breakdown in Table V we deduce that for silicon, this error is by about two orders of magnitude smaller than the uncertainty due to α. We thus conclude that the nuclear effects do not represent any obstacles for the determination of α from δ Ξ g and δ Ω g.
IV. CONCLUSION
In this work we investigated specific weighted differences of the g-factors of H-and Li-like ions of the same element.
An accurate formula was obtained for the weight parameter Ξ, determined by requiring cancellation of the nonrelativistic finite nuclear size corrections to orders 1/Z 0 , 1/Z 1 , and 1/Z 2 and, in addition, the relativistic contribution to order (Zα) 2 /Z 0 . The coefficients of the Zα expansion of the finite nuclear size corrections were obtained by performing accurate numerical calculations and fitting the results to the known expansion form. It was demonstrated that the Ξ-and Ω-weighted differences, as given by Eqs. (28) and (30) , can be used for an efficient suppression of nuclear effects. The residual uncertainty due to nuclear effects is smaller than the uncertainty due to the currently accepted value of the fine-structure constant α. The Ξ-and Ω-weighted differences may be used in future to determine α from a comparison of theoretical and experimental bound-electron g-factors with an accuracy competitive with or better than the present literature value. 
